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Thistalk is based on the following papers.

A. Schilling,
Combinatorial structure of Kirillov—Reshetikhin

crystals of type DS, BSY, A% |
preprint arXiv:0704.2046] math.QA]

M. Okado, A. Schilling,

Existence of Kirillov—Reshetikhin crystals for
nonexceptional types,

preprint arXiv:0706.2224] math.QA]

-p. 2



Drinfeld and JJmbo ~ 1984:
independently introduced quantum groups U, (g)

Kashiwara ~ 1990:
crystal bases, bases for U,(g)-modulesas g — 0

combinatorial approach

Lusztig ~ 1990:
canonical bases
geometric approach
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representation theory

~» tensor product decomposition
solvable lattice models

~» one point functions
conformal field theory

~» Characters

number theory

~»> modular forms

Bethe Ansatz

~» fermionic formulas
combinatorics

~» tableaux combinatorics
topological invariant theory
~» knots and links
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Crystal bases are combinatorial bases for U, (g)
asqg— 0
Affinefinite crystals:

appear in 1d sums of exactly solvable lattice
models

path realization of integrable highest weight
U,(g)-modules

fermionic formulas

Irreducible finite-dimensional U, (g)-modules

classified by Chari-Pressley via Drinfeld
polynomials
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Kirillov-Reshetikhin modules W\") form special

subset
Conjecture [HKOTY]

W) hasacrysta basis B"*
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Kirillov-Reshetikhin modules W\") form special
Subset
Conjecture [HKOTY]

W) hasacrysta basis B"*
AlIM:

prove this conjecture for g of nonexceptional type

provide a combinatoria crystal B™* for types
1 1 2
D’I(?, )7 B7(7/ )7 Aén)—l

prove that B™* >~ B"*
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Solvable L attice

Models
Bethe
Ansatz
Rigged - Bijection - Highest Weight
Configurations Crystals

1988 Identity for Kostka polynomials
2001 X = M conjecture of
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V.

. Motivation
. Existence of KR crystals B"+* for nonexceptional

types
Definition of KR modules
Criterion for existence

Combinatorial KR crystals B"* of type fo),
1 2
By, Ay
Dynkin diagram automorphisms

Classical crystal structure
Affine crystal structure

MuPAD-Combinat implementation
Outlook and open problems
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|1. Existence of KR crystals B"+* for nonexceptional
types
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g symmetrizable affine Kac—-Moody algebra

U,(g) quantum affine algebra associated to g:
associative algebra over Q(g) with 1 generated by
ei,fi,th()ri cl,he P*

{a;}ier Simpleroots, {h;};c; Simple coroots
¢ canonical central element, ¢ generator of null roots
P =, Z\; ® Z5 weight lattice

A subring of Q(q) of rational functions without poles
aqg=20

Az ={f(@)/9(a) | f(a),9(q) € Z[q], 9(0) = 1}
Kz = Az[q™"]
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Let M beaU,(g)-module.
A symmetric bilinear form (, ) : M ®q,) M — Q(q)
IS called prepolarization if
(¢"u,v) = (u, q"v)
(esu,v) = (u,q; 't; " fiv)
(fiuav) — (
with ¢; = ¢(@2)/2 ¢, = ¢

A prepolarization is called polarization if it IS positive
definite using the order

f>qg iff f—geUz{d"(a+qA)|a>0}
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M finite-dimensional integrable U, (g)-module

(,) prepolarization on M
My, submodule of M such that (My,, My,) C Kz

Al,...,)\m €F+
Assumptions A:

1. dimM)\k < Z;nzl dimV()\j))\k
2. Thereexist u; € (Mg, ),, such that

(uj,ur) € 0k + qA

(e’l:ujpe’l:uj) c qq;2(1+<hz',)\j>)A
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If Assumption A holds:
Theorem: [KMN?]
(i) (,)isapolarization on M
(i) M=, V()\;)asU,(go)-modules
(i) (L, B)isacrystal pseudobase of M, where
L="{uve M| (u,u) € A}
B={be Mg, NL/Mg,NqL | (b,b)y =1}

(, )o IsQ-valued symmetric bilinear form on
L/qL induced by (, ).
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classified all irreducible

finite-dimensional affine U, (g)-modules via Drinfeld
polynomials.

KR modules 17" (s € Z~g,r =1,...,n) correspond
to the Drinfeld polynomials

o (1—-aq=") - (1—-aqg ™ u) j=r
Filw) = {1 J#FT
for somea, € Q(q)
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V(\) extremal weight module
level 0 fundamental weight @w; = A; — (¢, A;) A
Define U/ (g)-module W (w;) as

W(w;) = Vi(w:)/(zi — 1)V (@;)

where z; isa U, (g)-module automorphism of V' (co;)

U, ¥ U, 1d.5 d; = max{1, (a;, a;)/2}

W) can be obtained by from W (z,) by the fusion
construction
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Theorem
Wi hasacrystal basis B™.

Assumption 1. follows from recent work by
and on characters of KR-modules

Assumption 2. follows by finding appropriate A; and
explicitly calculating the prepolarization in the cases

Case|— DY, B, A,

Case : Cff)
Case| | A% p¥
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Theorem
Wi hasacrystal basis B™.

Remark: proved the existence of B™* for
type A and for other types for specid r, s.
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I11. Combinatorial KR crystals B"s of type fo), Bff),
AP
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A U,(g)-crystal isanonempty set 5 with maps

wt: B — P
e, fio B— BU{D} foraliel

satisfying
fz(b) :b’<:>ez-(b’) = If b, V' € B
wt( (b)) = wt(b) — if f,(b) € B
(hi, wi(b)) = @i(b) — &i(b)
b I o

Write - -~ forbd' = f;(b)
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g affine Kac—-Moody algebra
W KR module indexed byre{l,....,n},s>1
~ finite-dimensional U, (g)-module
proved

Wi =V (A) asU,(go)-module

—
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g affine Kac—-Moody algebra
W KR module indexed byre{l,....,n},s>1
~ finite-dimensional U, (g)-module
proved

Wi =V (A) asU,(go)-module
A

g of type Al = go of type A,

( \

v}

12

W)
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g affine Kac—Moody algebra
W KR module indexed byre{l,....,n},s>1
~ finite-dimensional U, (g)-module
proved

Wi =V (A) asU,(go)-module
A

g of type DY, BV, A | = g, of type D,,, B,, C,

sum over r with vertica dominos— removed
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Type Aff) :

proved existence of crystals B"* for W'
gave the combinatorial structure of B"*

@
AD .< >_
@

using o
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Type Aff) :

proved existence of crystals B"* for W'
gave the combinatorial structure of B"*

n Nn-1
@
1
Wl >
@
1 2
€y — 0__1 ey o0

using o

fO:O-_lofloO'
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Type DY, BYY, A% .

TypeD,,(q,l); U<0>2 3 .n<n 1
1 n
0

Type B\": 0( > SR,
1
0

TypeA;i)_l: (;< > 3 - .n—.i=7.7,
1

€p — 0 0€1 00 and fozaofloa _p. 22"




[l

N

=

2
Ay

(ol
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By construction

B = 5 B(A)

A

asX,=D,,B,,C, crystas

= crystal arrows f;, e; arefixedfor: =1,2,... . n
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B(A) c B( )@

highest weight

2
1

=~ [ {DD ||~

2
1
— 3

&

X129/1X2|X1|2]X]1

fi,e; fori=1,2, ... n actby tensor product rule

b @ bV

;(b) gi (V') —p. 25/



X, — X,,_1 branching

Bx,(A)= € Bx,,(inner(P))

+ diagrams P
outer(P) = A

4 AC p CA
+|—| Inner shape outer shape

A/ horizontal strip filled with —
w/ A horizontal strip filled with +
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X,,—1 highest weight vectors
are in bijection with 4+ diagramsvia ®

CID:_I_

= DN | |

_|_
—_
DO
DO
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X,,—1 highest weight vectors
are in bijection with 4+ diagramsvia ®

CID:_I_

3
1

V)
—_

_|__
_|_

= DN | |

DO
DO

i= (1,2, 1,2,3,4,5,6,4, 1,2,3,4,5,6,4,3,2)

®(P) = fa

— DD | QO |~
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o on =+ diagrams
P =+ diagram of shape A /)
columns of height & In A

h = r mod 2 : Interchange number of
+ and — above A

h =r mod 2 : Interchange number of

F and empty above A

_|_
_|_
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o on tableaux
bc B"®

such that e~ (b) is
X,,—1 highest weight vector

f§ = fag " 'fa1
Then

e 1= €q, " g

o(b) =f0PoBGod ' oe(b)
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B*5 of type D

Sy —~

1)

—

— DN | QO |
= QO | W=~ | i

€4€EEFE4E3E2€C
—

— DD QO |~
— QO | H~ |
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B of type D

S —~

1

N——

—

—

= QO | W=~ | i

—+ | | DO Qo |

_|_

_|_

€4€6€5€4€3€2€2
—

—

= DN | QO | >~
= QO | W=~ | i

_|_
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B*5 of type D"

414 414
L 3 4 €4€6€5€4€3€2€2 3 4
p— — — > — —
213111 213111
1111213 1111212
4— _
LN T S,
| 4—
+ -+
3 ;

P 4 fofefafafsfefa | 4 _
. _ - _ —
313131 31341
1121212 1121213
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B"* isthe crystal with the classical decomposition

BT o C) B(A) asX, = D,,B,,C, crystas
A

and

Jo=oofioo
€h — 0 0€1 00
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B! type Af)

T

“41/“*?—’“‘ o—[r]6]
o
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B, B" I-crystas
B = B’ isomorphism of J-crystalswhere J C [
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B, B" I-crystas
B = B’ isomorphism of J-crystalswhere J C [

Proposition. Suppose there exist two Isomorphisms

U,: B™ =B as{l,2,...,n}-crystas
U, : B >~B as{0,2,...,n}-crystals
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B, B" I-crystas
B = B’ isomorphism of J-crystalswhere J C [

Proposition. Suppose there exist two Isomorphisms

U,: B™ =B as{l,2,...,n}-crystas
U, : B >~B as{0,2,...,n}-crystals

Then Uy (b) = U, (b) for all b € B™* and hence there
exists an /-crystal iIsomorphism

U: B >~p
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Theorem. For type fo), B,,(f), Aéi)_l

Bfr,s ~ BT

Proof. B"* and B"* have the same structure as
{1,2,...,n}-crystals (by construction)
{0,2,...,n}-crystals (by application of o)

By previous Proposition there exists an isomorphism
of /-crystals

U - Br,s ~ BTS
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V. MuPAD-Combinat implementation
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... IS an open source algebraic combinatorics package
for the computer algebra system MUuPAD | ]
>> KR: =crystals::kirillovReshetikhin(2,2,["D",4,1]):
>> t:=KR([[3],[1]])

A
le
1 1

b
1
+ — + — +

>> 1::e(0)

+ — + — +
1 1 1
1

+ — + — +
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... IS an open source algebraic combinatorics package
for the computer algebra system MUuPAD | ]
>> KR: =crystals::kirillovReshetikhin(2,2,["D",4,1]):
>> t:=KR([[3],[1]])

+ — + — +

>> t::signma()

-----+4+ —p. 37/"



Combinatorial structure for other KR crystals

Cr, Dyl Ay,

X = M conjecture for all types
Level restriction
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