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Infinite Toda chain 1

@ Particles on a straight line with nearest neighbour interaction:

@ g, is the displacement of the n-th particle, n € Z.
@ Equations of motion in dimensionless form are described by
dq dp o — _ _
dtn e pn nd dtn = e (q" Qn—l) — e (qn+1 qn)’ ne Z
o Put 1 1
an = Ee_(q"_q"—l) and b, := SPn-
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Infinite Toda chain 2

@ Introduce the Z x Z-matrices L resp. P by

0

b,_1 an 0 0 -—a, 0
dn bn an+1 an 0 —dn+1
0 an41 bn—i—l 0 ant1 0

e Equations of motion equivalent to:

dL
=PL-LP=[P,L].
dt [7]
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Outline of the talk

Basics of Z x Z-matrices

Lower Triangular Hierarchies (LTH)

A geometric construction of solutions of LTH
Upper Triangular Hierarchies (UTH)

A geometric construction of solutions of UTH

Combining both type of hierarchies

e 6 6 6 o o o

Solutions of the combined hierarchy
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The geometric setting 1

o Let S! be the unit circle in the complex plane.
o Hilbert space H = L2(St,Ck) with elements

h= Za(n)z”, where a(n) € C* for all n € Z.
neZ
o (- | -) standard inner product on CX. Inner product on H:

<> a(mz" | b(n)z" >:=" (a(n) | b(n)).

nezZ neZ neZ

o {f;| 0 < i< k— 1} standard basis of C¥. Hilbert basis of H:
esikj = fsZl.

e To B € B(H) associated Z x Z-matrix w.r.t. this basis
[B] = ([Bl1,))
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The geometric setting 2

o H() is the subspace of H spanned by the

{fz'|0<s<k-—1}.

p() the projection H — H{)

(]

The space H decomposes as the direct sum

H = @jezHY

To B € B(H) is associated the block decomposition
B = (Bj), where B := p() o B | HU).
Corresponding matrix decomposition [B] = ([Bjj]) in
k x k-blocks.
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The geometric setting 3

@ The subspace H;, j € Z is defined by
H; = @i H.

o p; := @;<;p!) is the orthogonal projection onto H;.
@ Decomposition of any element b € B(H) w.r.t. the splitting
H=H;® HJ-L, namely

(b1 ())) bi-())
"(b_+0) b__(j)>'
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Basic Z x Z-matrices 1

e For A € gl (C), multiplying from the left defines a bounded
map My : H— H with Z x Z-matrix

[Ma] = ik(A) =

o o P
o P o
> o o

o Commuting directions: {ix(A) | A € b}, where b is the
diagonal matrices with basis

1 ify=6=a«
0 in other cases

Ea = Fa;, (Ea)'yé = {
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Basic Z x Z-matrices 2

e M, : H— H "multiplication with z" ,
I\/IZ(Z a(nm)z") = Z a(n)z"*1L.
nez nez

o Matrix [M,] = A=, where

0 Id o0
N = 0 Id
0 0 0

@ Basic commuting directions: i (E,)AY,j € Z,1 < o < k.
@ For LTH : j > 0 and for UTH: j < 0.
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Matrix decompositions 1

@ R be a commutative ring.
e Mi(R): k x k-matrices with coefficients from the ring R
® Mz(R): Z x Z-matrices with coefficients from R.

@ To a collection of k x k-matrices {d(ks)|s € Z} in Mi(R) is
associated a diagonal of k x k-blocks diag(d(ks)):

dkn—k) 0 0
0 d(kn) 0
0 0  d(kn+k)
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Matrix decompositions 2

@ The ring of k x k-block diagonal matrices in Mz(R) by
Di(R) = {d = diag(d(ks))|d(ks) € My(R) for all s € Z}.

o The elements A“™ m € Z, act on Dy (R) according to the
formula

Afmdiag(d(ks))A~K™ = diag(d(ks + km)).

o Each A = (a;;)) € Mz(R) can uniquely be written as a
formal infinite sum

A= "aj\Y with all the a; € Di(R).
JEZ
@ Upper resp. lower triangular matrices:

A= Z aj/\kj resp. B = Z bj/\kj for some N.
jzN J<N
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LTH

o ForA=5% iy d;i\% one defines
Aso=> diNd
Jj20
@ R ring of functions in the flow parameters {t;,} w.r.t.
ix(E4)N¥ and stable under all
0
B 8ticv ‘
o Deformation of AX in lower triangular matrices:
L= N4> min*
i<0

at,a .

e Deformation of ix(E,) in lower triangular matrices:

ua = ik(Ea) + Z Vi,a/\ik
i<0
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The (AX, b)-hierarchy

@ The commutatvity relations
[£,Us] =0 and [Uy, Ug] =0
o Trivially satisfied at dressing A% and the ix(Ep):

L= UNUT U = Ui(Eg)U™ U =1d+ > uh¥.

i<0

o Perturbed commuting directions: Pj, := L/U,.
o The Lax equations of the (A, h)-hierarchy:

9t (L) = [(Pia)>0,£] and Oy, (Us) = [(Pia)>0, Up]-
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Zero curvature relations

@ There holds:

Theorem

For deformations L and the Ug that satisfy the commutativity
relations, the Lax equations are equivalent to the zero curvature
equations

8tna(Bm'Y) - 8fm'y(B”OC) - [Bnou Bm'y] = 0

for the finite band matrices Bjg = (LUg) 0.

@ This set of equations expresses that the curvature of the
differential form

oo k
w0 =Y Y Bjsdtjg,

j=0 p=1
is zero.
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The relevant group

@ For Hilbert spaces H; and H> and p > 1, S, is the Schatten
ideal of bounded operators A: H; — H»

|A|[5 = trace(A*A)? < cc.
@ For each such a p one introduces the group G(p) by
®i>;gi € Sp
Gi-j(g )i € Sp

@ Invertible elements in the Banach algebra

Gy = {g = (gij) € GL(H)

94 = {b = (b,‘j) € B(H) @,’>ij € Sp}

equiped with the norm || - ||,es defined by
[1Bllres = [1(byj)|res := [[bI[ + || ©ix; bijl[p-
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Subgroups of G,

@ The Lie algebra G can be split into the sum of the Lie
subalgebras

Py= {P = (pij) € 5+

p,-j—OforaIIi>j}

and

Uy = {u: (ujj) € 9+

u,-j:0fora||i§j}.

@ Their corresponding Lie groups are

Py = {PZ(PU)€G+

pi; =0 and (p~1);; = 0 for all i>j},

Uy = {u: (ujj) € G+

uj =0 forall i <
uij=Id forallieZ ("
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The big cell for LTH

@ The map from Uy x P4 to G defined by

(ur, p+) — exp(uy) exp(py)

is a local diffeomorphism at (0, 0).

@ The set U, P, is an open subset of G. It is called the big
cellin G4 w.r.t. Uy and Py.

Proposition

Let Q. C G4 be the collection of all g € G4 such that g4 (i) is
invertible for all i € Z. Then Q. is equal to U; P
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Commuting flows 1

@ Let h be the subalgebra of diagonal matrices inside My (C)

@ Let U be any open connected neighborhood of the unit circle
51

(U, ) for the set of holomorpic maps v : U +— b such that

det(y(u)) # 0 for all u € U.

() is the inductive limit of all the ['(U, b)

o Let A(h) be the subgroup spanned by the elements
zm 0 ... 0
0 ,all mj € Z.
0
0 0 zMk
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Commuting flows 2

Then one has I'(h)=I1(h) A(H) F_(h), where

[ (h) = {74 |75 = exp(D_ 7:2%), with 75 € b for all s < 0}
s<0

and

r—(p)={r-1|v7-= exp(z vs2°), with s € b for all s > 0}.
s>0

@ The elements of I (h) give by left multiplication on H
operators M,, € P,. In local coordinates:

[M,.] =exp Z Z tiaik(E /\’k

i=0 a=1
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The construction

@ One starts with an element g € G;. Inside the group of
commuting flows () one considers

(g, h)={r+€l(h) | My, g € Qs }.

@ Basic result:

Proposition

The set T (g, ) is an open dense subset of I ().

@ Choose for R the ring of holomorphic functions on ' (g, b)
o If the element 74 € (g, b), there holds

(M, 18] = ur(g,v+) " ps (8 74),
with pi(g,7+) € [P+] and ui(g,7+) € [U4].
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Main result for LTH

o Consider V = u (g,v4+)[M,.] = WM, ]
@ Define

L(W) = UAKU~T and U (V) = Wi (E,) 0L,
o Put Pjy := L(V) U (V) and B := (Pia)>0-

@ Foralli>0andallae{l,--- k}: O (V)= B V.

@ The set of matrices (L(uy(g,7+)), Ua(ut(g,v+))) form a
solution of the (AX, b)-hierarchy.

© fFor each py € Py one has

L(ut(g,7+)) = L(u+(gpo;7+));
Ua(ut(g,7+)) = Ual[u+(gPo, V+)])- )
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UTH

o ForA=3% di\% one defines
heo = Y 4
Jj<0
@ R ring of functions in the flow parameters {s;j3} w.r.t.
ix(Fg)A=% and stable under all

0
05 := Do
SjB
o Deformation of A=% in upper triangular matrices:
M:= Z m,-/\"k with m_1 invertible.
i>—1
o Deformation of ix(Fg) in upper triangular matrices:

Vg = Z v; gk
i>0
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The (A%, )-hierarchy

@ The commutatvity relations
M, Vo] =0and [V,, V5] =0 (1)
o Trivially satisfied at dressing A~ and the ix(Fp):

M= VAV V5= Vi(F))V vV => vhk
i>0

o Perturbed commuting directions: Qjq := M/V,,.

o The Lax equations of the (A%, h)-hierarchy:

85ja(M) = [(Qja)<07M] and 8SJQ(V,B) = [(Qja)<0;vﬁ]-
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The relevant geometry for UTH

@ For each p corresponding to the Schatten class S, the group
G_is

G = {g = (gij) € GL(H)

@,<Jg,_, < Sp
Di<jle )€ Sp

o lts Lie algebra is

G_ = {b = (b,J) € B(H) @,‘<jb,'j € Sp}

@ It splits into the sum of the Lie subalgebras

P_ ;:{p:(pﬁ)eg p,-j:0fora||i>j},

u;:{ = (uj) € 5= u,-j:0fora||i§j}.
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More geometry

@ Their corresponding Lie groups are

P_ = {p:(p;j)EG_ pij =0 and (p_l),-j:0foralli>j},
. o uj =0 forall i <
U—'_{“_(“u)ec— wi=1d forall ieZ("

@ Theset Q_ = U_P_ is an open subset of G_. It is called the
big cell in G_ w.r.t. U_ and P_.

@ The elements of '_(h) give by left multiplication on H
operators M,_ € U_. In local coordinates:

ook

My ] =exp(D>_ D sigic(Fa)A ).

Jj=1p=1
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The construction for UTH

@ One starts with an element g € G_. Inside the group of
commuting flows ['_(f) one considers

M (g.h)={y-€r_(h) | gM;' €Q_}.

@ Basic result:
Proposition

The set T _(g, ) is an open dense subset of I _(h).

@ Choose for R the ring of holomorphic functions on I'_(g, b)
o If the element v_ € I'_(g,b), there holds

gIM; ] = u_(g,v-)p(g,7-),
with p(g,~v-) € P_ and u_(g,v-) € U_.
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Main result for UTH

o Consider ® = [p(g,7-)][M,_] = ®[M,_]
@ Define

M(®) = PAK DL and V5(d) = ik (F5)d L.
o Put Q5 := M(®)V5(®) and Cis := (Qj)<o-

© Forallj>1andall 3 €{l,--- k}: O5,(®) = Cig®.

@ The set of matrices (M([p(g,7-)]): Vs([p(g,7v-)])) form a
solution of the (N=, )-hierarchy.

© For each ug € U_ one has

M([p(g:v-)]) = M([p(uog,v-)])s
Vs(lp(g,7-)]) = Va([p(uog, v-)])- )
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LTH+UTH

@ R ring of functions in the flow parameters {t;,} and {sjz}

w.r.t. the ix(E,)AX and the ix(F3)A~" and stable under all
0 0
8tia = Wlo‘ and 85]5 = @

o Deformations (L, U,) of A¥ and the ix(E,) in lower triangular
matrices.

@ These directions should commute:
[£,Us] =0 and [Ua, Ug] =0

o Deformations (M, V) of A=% and the ix(Fg) in upper
triangular matrices:
@ These directions should commute:

M, V,] =0and [V,, V5] =0
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The two dimensional h-hierarchy

@ The Lax equations for the two-dimensional h-hierarchy are:
@ For £ and the U,:

9t (L) = [(Pia)>0,£] and Oy, (Up) = [(Pia)>0, Ug],

95, (L) = [(Qjy)<0,£] and 95, (Ug) = [(Qjy)<0, Usl-

@ For M and the Vg:

s, (M) = [(Qjy) <0, M] and 95, (V) = [(Qjy) <0, Vgl

9t (M) = [(Pia)>0, M] and 0, (V) = [(Pia)>0, V-
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The group setting

Let G be the group {g € GL(H) | g —Id € S,}.
Note [ (h) € G and T_(h) € G.

The group Uy C G. Let P=P_NG.

Big cell in G: ULP.

e 6 o6 o

Proposition
For each g € G, thereis a4 € IT1(h) and a y— € [_(h) such that

My, M, gM M

belongs to the big cell Uy P. The collection of all these
(Y+,7-) € T+(b) x T_(h) one denotes by (g, b)

Helminck Deforming commuting directions



December 2009
Final result

e For g € G and (v4,7-) € T'(g,bh)

(M, ]IM, (g [M M = 1o,
with W € [U;] and ® € [P].
o Write
L) = UAKI=L and Uy (V) = Wi (E, )W
@ and

~

M(®) = AP and V() = di(Fz)d !

@ There holds now

The matrices (L(W), Un(W¥)) and (M(®), V5(®)) satisfy the Lax
equations of the two-dimensional hy-hierarchy.
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