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# of irreducible rigid Fuchsian differential systems with 3 singularities on P*

order | 2 |3 |4 |5]| 6 7 8 9 10 11 12 13 14
# 1113|513 ]20 (45| 74| 142 | 212 | 421 | 588 | 1004
# of irreducible rigid Fuchsian differential systems
order | 2 |3 |4 | 5 6 7 8 9 10 11 12 13 14
# 1121611 |28 |44 |96 | 157 | 306 | 441 | 87 | 1117 | 2032
by Oshima (2008)
Yokoyama’s list (1995)
rank | # of singu- spectrale type
larities on P*
I (HGF) 3 1" :1,n—1;1"
I* (Pochhammer) n—1 IL,n—11,n—1;...;1,n—1
11 2n 3 1" n;1"n;1,n—1,n
IT* 2n 4 1", ;1" L n+1;1,2n— 1;n,n
111 2n+1 | 3 1"t n:1" n+1:1,n,n
IIT* 2n+1 | 4 1" n+1;1"n+1;1,2n;n,n+1
v 6 3 12,4:23:14,2
IvV* 6 4 12,4;12%,4;2,4




Integral representations of the solutions
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Diagramatic expression
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(I) Generalized Hypergeometric function
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(IV)

ol L
1— ) — tg— t3— t4—=2
14,2
(with M + M2+ Aoz + N5 +2=0)
(IV¥)
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z 2,4

Remark: Resonance and subsytem.

0 0 1 1

1—t1—t2—t3—t4—2’

The resonance Ag1 + A2 + A2s + Ao3 + 2 = 0 induces the subsystem.

1,1,5 at 0 1,1,4 at 0
1,2,2,2 atl — (IV) 22,2 at 1
1,1,1,2,2 at oo 1,1,1,1,2 at oo

P B}

If the exponent of the irreducible component of the divisor D =

—_—

at 0
at 1

at oo

at 0
at 1
at c

at 0o

7-Y(D), where

7 (PY(C))™ — (PY(C))™ is the minimal blow-up along the non-normally crossing

loci of D, is an ineger, the irreducible component or the exponent itself is said to be

resonant.



Simpson’s list

rank spectral type
HGF n 1m; 1" n-—1,1
Even family 2n 12", n,n-1,1; n,n
Odd family | 2n+1 | 12"T1: nnl1: n+1,n
Extra case 6 15, 23. 4,2

The even family of rank 2n corresponds to the restriction of the Heckman-Opdam

HGF of BC),-type. The Heckman-Opdam HGF of A, -type corresponds to ,,41F,.

(Oshima and Shimeno)

Odd family
1 0 1 1 0 1,n,n at 0
‘ ‘ ‘ ‘ ‘ n,n+1 atl
O0—t;1—tg—tg— ------ —top—1— ton— 2 12t at 0o

AN AA2+ X3 +A3+2=0, Ap+Az+A3u+M+2=0,
é+)\34—|—)\45+)\/5+2:0, Mg+ A5+ As6 + g +2 =0,

Ny gt oo+ Ny 1 +2=0, Agp_a—+ -+ + Az +2=0.

Even family

1 0 1 0 1 1,n,n+1 at 0
‘ ‘ ‘ ‘ ‘ n+1,n+1 atl

00—t —tg—tg — -~ — to,— tonp1— 2 1202 at oo

M+ A2+ X3+ A4+2=0, Ao+ X3+ Asa+A+2=0,

Mopg+ oo + X 1 +2=0, A2+ -+ +A2,+2=0
>‘,2n—1+ +)‘/2n+1+220

Exitra
1 0 1 0 0 1,2,3 atO
I 33 atl
0— t1 — tg — tg — ty— ty—2 6 o

MAA2+ s+ +4= 4+ Xas+ A5 + A0 +2=0

bt



Remark. The rank of the twisted homology group H, (7, L) in case of

1 0 1 1 0
I | | or
O—tl—tg—tg— """ —tn—1 — ity — 2
n:even
1 0 1 0 1
I | |
O—tl—tg—tg— """ —tn—1 —t, — 2
n : odd

is ap42. Here a, is the Fibonacci number: a1 = a2 = 1,a3 = 2,a4 = 3, a5

8,@7 = 13,@8 = 21,&9 = 34, aig = 55,@11 = 89, .

=9,a6 =



Connection formulas

(1) Generalized hypergeometric function , 1 F,.

n+1

0 s+1 ﬂ ﬁs)
0 S S T 52 <

j=1 s#1

where f{*(2) = (=2)' % (1 + O(2)), 17 (2) = (—2)~* (1 + O(z ™).

" n+1 F(l + Zgzl 65 - ZZ+11 as) HlSSi@Jrl F(ﬂ] - 65) )
1 (#) = Z H H1§s§n+1 I'(8; — ) ),

j=1 s#i

where £\ (2) = (=2)18(1 + 0(2)), f{7(2) = (1 — 2)Zim A=Ei @i (1 4 O(1 — 2)).

(2) Even family of rank=4 (joint work with Haraoka):
/ 12 (b — D)2 (b — to) 2 10% (ty — t3) 0 (b5 — 1) (ts — 2) N dty dtadts
D

(A2ss6 +2=0, Xjjox =X+ A+ + Ag)

F{(2) = (=2) 55753 (1 4+ 0(2)),  F{™(2) = (—z)izsser3 (14 0(271))
FY*(2) = (=2) o742 (14 0(271))
F{*(2) = (=2)7+1 (1+0(271Y))
FY () = 1+ 06E)

where

D(14+ Mo, 1+ A1a, 24+ Mg, 1+ Aio3a, 4+ Asas7)

pr= D1+ A1, 24+ X123, 2+ Aisa, 24 Aaz, 3+ Aiasas)
DLy = I(1+ A34,2 + Mi3, 2 4 Azase, 4 + Aizs7, —1 — )\12)7
I(1+ A3,2 4 Ai34, 2 4 Azas, 3 + Azaser, —A2)
s = I'(14 As6,2 4+ A3, 4 + Aizas7, —1 — Asa, =2 — Ai2ss)
T(14 A, 1+ A5,2 + Ase7, — A2, —Ag) ’
pra = (24 Ai3, 4+ Ai3as7, =2 — Azas6, —1 — Asg, —1 — Aqy)

(14 A3, 1+ A7, 24+ Ajag, — A4, —Ag) ’
with  T(ai,ag, - ,am) =T(a)l(az) - T'(am).
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ni1F, case
Derivation by use of the intersection number.

HY(T, L) or H,(T, L), where L is determined by
n+1

n
U(t) = Ht?i+1_ﬁi H(tl - t’i—l)ﬁi_ai_lv 0 ﬁn-‘rl = 17t0 = 17tn+1 = ZD
=1 =1

on
T=C"\UL {t;, =0 UUl{t; —t;.1 =0}

In what follows, z is fixed to be co < 2z < 0.

n=1
00 z 00
n=2
to—t1 =0
to =0
tQ—Z




Bases of H(T, L):

0 0 0
{Dp,py,...,pggl

D(O)_ o< z<t, < - <t; <0
i 1<t < <tio1 <o ’

{Dg@,pg@,...,agg

D(Oo)_ o<t <<ty < 2
¢ N O<t,1<---<t1 <1 '

n=1
B T o S
00 z 0 1 00
n=2
to —t1 =0
D)
R to =0
t2 =z

= d ¢;; such that
ngoo) _ Z cij D§0)

1<j<n+1



On the other hand,

/(0) uD(o) (t) dt1 . "dtn = H B(as - ﬁz + 1755 - as) X fi(O)(z)u
D 7

i 1<s<n+1
s#£1

/D(Oo) uD(oo)(t) dtl cee dtn = H B(Oéi - 65 + 1758 - as) X fz(OO)(Z)

; 1<s<n+1
s#£1

For u(t) = [[, fi(t)*, up(t) = [[;(& fi(t))*, where ¢; = =+ is determined so that
€; ffL(t) >0 on D.

Intersection form (Intersection numbers)

The map
reg : HY(T,L) — H,,(T, L)

is defined as an inverse of the natural map

L Hy(T, L) — HE(T, L).

To define the intersection numbers for C,C’ € HY (T, L), we first regularize one of
them, secondly compute the intersection number of the consequent cycles and finally

sum up them. Actually, the intersection form

< ) >H711f(T7£)XHiLf<T7£)—>(C

is the Hermitian form defined by

(C,C") — (C,C") = Zap al Y Tilp,0)vo(t)vy (8)/ul?,

tEpno

for C, C' € HY(T, L), if

regC:Zapp(X)vp, C'zZaéa@vg,

p

where a,,a,, € C, p,o:mn-simplex, v,, v.: a section of £ on p, o, ~: the complex
conjugation, I;(p,o): the topological intersection number of p and o at t.
The value (C, C") is called the intersection number of C and C’ and written also by

Ce(C'
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Example of regularization. T = C\{0,1}, u(t) = t*(1 —t)".

(Tl)> = regm: {diS(e;O)—I—[e,l—e]—iS(l—e;l)}

o dg
0
0 10 1

Here d, = e(a) — 1, e(a) = exp(2my/—1a). The symbol S(a;z) stands for the posi-
tively oriented circle centered at the point z with starting and ending point a, € is a
small positive number and the argument of each factor of u(t) on the oriented circle
S(e;0) or S(1 —€;1) is defined so that argt takes value from 0 to 27 on S(e;0), and
arg(l —t) from 0 to 2w on S(1 —€;1).

a
@

Examples of intersection numbers.

0001 =- ~ 14 0D reg(o,1)
:—da+ﬁ :_S(Oé+ﬁ) @\ﬁ
dads ()5 (5) ; 1
where s(a) = sin(ma) (a) )

reg (0, 1) Y\ (1, 00)
e GO
(@) (8)
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Connection coefficients in terms of intersection numbers
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0 0 ) 0 0 0 0 0
Do o Do )\ Dol o o0l
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— ) = s O —an) 1o T — o+ ) < F7 )

We recall that

/ © U0 (t) dt---dt, = H B(Oés — B+ 1,8, — O‘S) X fi(O)(z)v
D

k2

i 1<s<n—+1
SsF£1
[ o @dendty = [ Bloi=pi+ 1.8, —a) x [(0)
D; ¢ 1<s<n—+1
SF£1
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